The characterizations of the various related structures are as follows: the congruence lattice is an arbitrary algebraic lattice the subalgebra lattice is an arbitrary algebraic lattice; the automorphism group is an arbitrary group; the endomorphism semigroup is an arbitrary semigroup with identity. The "independence of the automorphism group and the subalgebra lattice" is more precisely phrased as: for each pair <©, 8>, where © is a group and 8 is an algebraic lattice with more than one element, there is an algebra 2t with © isomorphic to the automorphism group of 21 and with S isomorphic to the subalgebra lattice of the same algebra St. All statements about the independence of related structures will be phrased in this way.
Mentioned above was a proof of a special case of the independence of the triple consisting of the automorphism group, the subalgebra lattice, and the congruence lattice. As a corollary one gets a proof of a special case of the independence of the pair consisting of the automorphism group and the congruence lattice. E. T Schmidt published what was supposed to be a proof of the independence of this pair of structures. But, his proof [10] was incorrect. (See e.g. Exercise 31 of chapter 2 of [2] ) The author has just completed a proof of the independence of this pair [8] .
The terminology essentially conforms to that in [2] . ω(oτ ω A ) will denote the equality relation on the set A, and φr c A ) will denote 190 WILLIAM A. LAMPE the total relation. Θ(a 0 , αj will represent the smallest congrucence collapsing α 0 and a λ . 2 = <L, Λ, V> will denote a lattice. (£(21) = <^(2t); S> will denote the congruence lattice of 2t @(Sί) = <^(2t); e> will denote the subalgebra lattice of St. ©(21) = <G(2t); °> will denote the automorphism group of St. @(2t) = <152ί); o> will denote the endomorphism semigroup of 21.
An important algebra for dealing with endomorphism semigroup and automorphism group problems is the algebra of left multiplications S(@) of the semigroup @. The operations are all left multiplication maps and the endomorphisms are all right multiplication maps. As in Cayley's Theorem, the semigroup of right multiplications of @ is isomorphic to @.
Many of the details of the proofs which are left out can be found in the author's dissertation [6J. The various characterizations mentioned above can be found in [1] , [2] , [3] . E. T. Schmidt's result on the independence of the automorphism group and subalgebra lattice is found in [11] .
1* The property restricting the representation of <©, 8 0 , S x > as <©(St), Let 21 = (A; F} be an algebra. The lattice 8 is assumed to be an algebraic lattice. Let αeL, and let (x^iel) be a family of elements of L.
Essentially the property mentioned in the heading is: there exist α 0 , a x € A such that for any x Φ a 0 and for any congruence β, if a Q = x(θ) y then a = a^θ). We will give a generalization of this property and a property of the congruence lattice equivalent to the more general property. Also, the class of algebraic lattices having the equivalent property will be discussed.
Let α 0 , a t e A with a 0 Φ α x .
(**) There exists a partition {A o , AJ of A such that a^eA^ and for any (x, y} e A o xA l9 θ(a θ9 a,) ^ θ(a?, y).
e I)> then a <£ α?< for some i.
Proof. Always θ = \/(θ(x, y)\x = y(θ)).
Since θ has property (*), θ = θ(aj, y) for some x,yeA.
Fix α 0 , α x such that θ = θ(α 0 , αj. Set Combining these two propositions with the congruence lattice characterization theorem, we get the following statement. PROPOSITION 
If 2 is an algebraic lattice, the following are equivalent:
(i) there exists a Φ 0, ae L, such that a has property (*); (ii) there exists an algebra SI = {A; F} with (£(2t), the congruence lattice of 91, isomorphic to S, and there are α 0 , a ί e A, α 0 Φ a lf such that (**) is satisfied for <α 0 , α : ); (iii) /or α^?/ algebra §1 -<A; ί 7 ) with (£( §I) isomorphic to S, ί/^βrβ are a 0 , a^A, a 0 =£ a^ s^c/^ ί/^aί (**) is satisfied for <a 0 , a x > Let SΓ be the class of algebraic lattices having an a Φ 0 with property (*). Several simple observations can be made. The five element modular non-distributive lattice is not in 3Γ since none of the dual ideals generated by a nonzero element is prime. Every distributive algebraic lattice with a complete-join irreducible element is in 3ίΓ. If Si and S 2 are algebraic lattices, then 2 1 + S 2 e denotes ordinal sum). (The zero of S 2 is a nonzero element in 8 X + 8 2 having (*)). Every algebraic lattice 8 is both a complete sublattice of and a homomorphic image of a member of J%Γ since K^Se3ίΓ m (G£ Λ denotes the ^-element chain.) Also, observe that for a family (Si Ii 61) of algebraic lattices, 77(8;\ie I) e SΓ if and only if there exists at least one j el with S y 6 3ίΓ. (©,80,8,) as <@(2ί),@(2I),@(2t)>. First we need some notation. Let 21 = <A; F} be an algebra and X£ A. Set F(% X) = {φ\φ is an endomorphism of 21, {x} -xφ~ι for all xeX}, and set g(2I, X) = <F(2ί, X); o>. In other words, an endomorphism φ is in JF(2I, X) if (A -X)φ gi-I and xφ = x for x e X. Clearly, g(2t, X) is a nonempty semigroup with identity. .27(21) , <p is 1 -1 or φ is constant}. REMARKS. Roughly (iii) says JE^SΓ) is as big as is possible given (i) and (ii).
The construction for representing
Suppose @ is a semigroup in which every element is right cancellative or a right zero. Every endomorphism of S(@) is 1 -1 or constant. By applying this lemma to S(@) we get an easier proof that (β;
Proof. Add an additional operation g defined as follows:
Sμpgpse xΦy and Θ is any congruence of 21' with x = yψ).
Thus, M = flr(a?, y, u, v) = 5f(?/, ?/, w, v) = v(β). So Θ -c 9 and (i) is established.
The rest is routine.
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The operation used in the above lemma was used in [5] in a different context, but in each case the purpose of the operation is to "fill out" subalgebras in a direct power. This 4-ary function is equivalent to the ternary discriminator function [12] [9] in that each can be expressed as a polynomial in the other.
A modification of the above 4-ary function is used in Lemma 6. It does not appear that the modified 4-ary function is equivlent to a ternary function. LEMMA 2. If 31 is any algebra, then there is an algebra 2t' -<A'; F') and U S A f with \ U\ = 2 such that:
Proof. Add two elements u 0 , u x . Let u 0 and u γ each be the value of a nullary operation. Extend every operation / of 3t by setting
The rest is obvious.
The next lemma is a theorem due to E. T. Schmidt [11] . Recall that @ (2t) Proof. Let S3 be the algebra given by Lemma 3 when applied to © and S o . Let S3' be the algebra given by Lemma 2 applied to S3. Let 93" be the algebra given by Lemma 1. Let (£ be the algebra constructed in the proof of the congruence lattice characterization theorem [2] , [4] or [7] . Let 2t be the algebra given by Theorem 1 when applied to S3" and ©. The rest is routine. 4* Necessary conditions for <@, 8) to be representable as <©(SI), (£(SI)>* Recall that if @ is a semigroup, S(@) is the algebra of left multiplications of @. SI = <A; ί 7 ) is some universal algebra. The basic thing established in this section is a relationship between E(8(6c(2I))) and ©(SI). If ψ is an endomorphism, then set x = y{ε ψ ) iff xφ = ^ ε 9 is a congruence. Let @ = (S; ) be a semigroup with identity, and let x, se S. The right multiplication map for s is defined by xp s = α?s.
Thus, if <peE($ί), then we have the congruence e ψ on SI and the mapping ρ φ on £7(SI). So we have the equivalence relation ε Pφ on i?(3I). Observe that since ^^ is an endomorphism of 8(@(2l)), ε^,^ is a congruence of 8 (6(50).
The proof of the next lemma involves only routine calculations. COROLLARY. e φ -^ ε^^ ΐs α mapping, and this mapping preserves arbitrary existing meets. In particular, it is order preserving.
This mapping need not be 1 -1. ε Pφ can be c and ε φ need not be t. ε Pψ = c means φ is a right zero in ©(SI), but φ need not be a constant map. But φ is a constant map iff ε ψ = ^. On the other hand, if ε φ = :, then ε^, = c (i.e., if <p is a constant map, then φ is a right zero). Also, there is a φ with ε φ = ω and ε^ = ω (the identity map).
To summarize we state the following theorem. If (β, (£ n > is representable and (£ n is the n-element chain, then JsΓ (J {ή is a chain of length ^ n.
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Mote on the class of representable pairs* Throughout this section, @ = <£; •) will be a semigroup with identity and 2 will be an algebraic lattice. The ordinal sum of the lattices will be denoted by +. S n is the n element chain. % = {A; F} is an algebra.
In the preceding section, a necessary condition for <@, S) to be representable as <@(2t), £(3I)> was given. Roughly the condition states that @ gives a lower bound on the cardinality of L, namely, \Jf\ 9 and an upper bound on the meet struture of part of S. This suggests that one could take a representable pair and expand the lattice and expect the result to be a representable pair. A few such expansions are given here.
Sort of a multiplication formula for members of the class of all representable pairs is given.
One could question whether or not there exist a semigroup with identity and an algebraic lattice which are in some vague sense completely "incompatible." Theorem 4 gives a negative answer.
First we will state the theorems, and then we will give sketches of their proofs. THEOREM Note that each of the "+ SV's gives us a nonzero element in the resulting lattice that has property (*). (See §1.) In Theorem 6 one can easily do without the " + Ki" in the first pair (i.e., one can show <@ 0 , S o + S : > is representable) in case 2 t already had a non-zero element satisfying property (*). A similar comment can be made for the other pair in Theorem 6 in case S o already had a non-zero element satisfying (*). To do the same for Theorem 7 or 8 would seem to require that both S o and S x have such an element. To complete the proof for this pair, one would show that φ->φ is an isomorphism of G?(3t<>) onto @{Sί 2 ), that Θ-+Θ is an embedding of e(Sto) + (£(310 into e(2t 2 ), and that ^(2t 2 ) = {θ|0 e ^(SQ + if Mu {^J. A few of the details follow.
Proof of Theorem
As in the proof of Theorem 8, for σ e E(% 2 ), A Q σ £ A o Clearly xσ -x for # 6 A 2 -A o since every element is a nullary constant.
Let Θ e ^(2t 2 ). For xe4 We now turn to considering the case for <G?(2ti), K(SX 0 ) + K(SCi) + ©!>. We may ^0^ assume without loss of generality that @(2ί 0 ) is the one element group and that there are no nullary operations in Sl 0 . That this assumption can be made is verified in [6] and [7] .
Let , x n -d to w where in the above case it was u 9 i.e., in the case when there is an x { not an element of the appropriate A t .
Extend REMARK. Obviously, one could not improve upon condition (a), but perhaps a proof could be given with (b) changed to read" , then So 0 f -(β, θ or t." Notice that all automorphisms are kept.
Proof. Add one 4-ary operation g defined as follows: g(x, y,u,v) Obviously, if φeE(%'), then φeE{%) and ε^efφ, β, ^} Suppose ε^ = Θ. Since φ^eE(VV) 9 then ε^ = 6> or ί.
It is a routine calculation to show that if e φ -t and φeE(%), then ?>e #( §Γ).
Let ψ G £7(2t) with ε φ = Θ and with ε^2 = © or c. Consider g(x, y, u, v) . There are two possibly troublesome cases. One is if g (x, y, u, v) = u and g (xφ, yφ, uφ, y, u, v) = v and g(xφ 9 yφ, uφ, vφ) = uφ. The latter is the easiest to dispense with. If g(xφ, yφ, uφ, vφ) = uφ and uφ Φ vφ, then xφ Φ yφ. Thus, x Ξ£ 2/(®) and % =£ v(β). So g(x, y, u, y, u, v) φ = ^φ. So now assume </ (£<£>, ^, uφ, vφ) = vφ and g(x, y, u, v) -vφ -g(xφ, yφ, uφ, vφ (x, y, u, v)φ = vφ Φ uφ = g(xφ, yφ, uφ, vφ) . But since φ is an endomorphism, we have that ε φo ψ Φ a). Suppose ε ψo ψ = c. By a similar argument we would get that ε ψo ψ Φ c unless Θ = c. So ε ψo ψ = Θ.
Let <pe JE7(3ί) with ε ψ = ω. Let ψ be any map with εψ = Θ. Suppose ε φo ψ = Θ. Routine computation shows that <peE(W). The crucial point in these computations is that the assumption ε φo ψ = Θ implies φ presves both Θ and not-®. Therefore (iii) holds.
Recall that 
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(β, K 2 > for unary algebras* In [3] G. Gratzer characterized the endomorphism semigroups of simple algebras. He also showed that not all such semigroups were isomorphic to endomorphism semigroups of simple unary algebras.
Since previous representations involving congruence lattices and endomorphism semigroups had needed only unary algebras, he raised the question, "What semigroups are isomorphic to the endomorphism semigroups of simple unary algebras?" The answer to that question is that there are hardly any such semigroups.
Every endomorphism φ induces a congruence relation which we have denoted by e φ . The difference with unary algebras is that every endomorphism also induces another congruence. Throughout §1 = ζA; F} will denote a unary algebra. For φ e E(%) and x,yeA set x = y(Θ φ ) iff there exist natural numbers i, j such that xφ i -yφ j (xφ° = x). Θ φ is the "extra" congruence. To prove that the substitution property holds for Θ φ , one needs that each operation of 21 is unary or nullary. Proof, x = xφ n (Θ φ ) for any natural number n (by using the numbers n, 0). In particular x = xφ(θ φ ).
Thus, if θ φ -ω, then x = xφ, and therefore, φ is the identity map. Therefore, we can assume Θψ -c, and this implies x = y(Θ φ ) for any x,yeA.
Thus, for some i, j 9 G. Gratzer [3] characterized the automorphism group of a simple unary algebra as a cyclic group of order p where p -1 or p is a prime number. He also showed that if p Φ 1, then A = {aa\ae (?($()} for any aeA. LEMMA Proof. It follows from the corollary to Lemma 8 and Lemmas 9 and 10 that the endomorphism semigroup of a simple unary algebra is one of those listed in (i) -(iii).
To complete the proof, we will represent <@, K 2 > for each @ listed in (i) -(iii).
In case @ is the one element group, let A be a two element set. Set 3ί = (A; A A ). Clearly, 3ί has the required properties. In case © is (A A ; o> where | A\ = 2, Let 31 = {A; F} where / is the identity map. Obviously, 21 has the required properties. In case @ is the two element semi-lattice, let A -{a, b) with a Φ b. Set f(a) = f(b) = b, and set Si = (A; />. Since | A\ = 2, % is simple. The endomorphisms are exactly the identity map σ and ψ where ψ = f. Since σoψ = ψoσ = ψ = ψoψ, the endomorphism semigroup is the two element semi-lattice.
In case @ is the group of order p where p is a prime, set A = {0, , p -1}. Let f(x) = x + l (mod p), and set §1 -(A; />. Since p is a prime it is easy to check that §1 is simple. For x e A define the mapping φ x by yφ x = y + x. Clearly, x -• φ x is an isomorphism from the cyclic group of order p onto ©(21).
